Abstract. We investigate the renormalization structure of scalar Galileons in flat spacetime. We explicitly calculate the ultraviolet divergent one-loop contributions to the 2−point, 3−point, 4−point, and 5−point functions. We discuss the structure of the counterterms and their hierarchy within an effective field theory expansion. We comment on different resummation schemes, including a geometric resummation for which our results could be generalized to arbitrary n−point functions.
Introduction
There are many modified theories of gravity, which invoke new dynamical degrees of freedom. Among the cosmologically most relevant approaches, which introduce an additional propagating scalar degree of freedom, are f (R) gravity and scalar-tensor theories, see e.g. [1] [2] [3] [4] . The renormalization structure of these models on a general curved background has been derived in [5] [6] [7] [8] [9] [10] [11] [12] . Besides scalar field models, generalized vector field models have also been investigated in the cosmological context [13] [14] [15] [16] [17] [18] [19] [20] [21] . The renormalization structure of the generalized Proca theory in curved spacetime has been discussed in [22] [23] [24] [25] [26] [27] [28] .
In this article we analyze the renormalization structure of the scalar Galileon model [29] [30] [31] [32] . Quantum aspects of the Galileon have been studied previously in [9, [33] [34] [35] [36] [37] [38] [39] [40] . From an effective field theory point of view, the Galileon correspond to the most general Lagrangian for a scalar field π, which gives rise to second order equations of motion and is invariant under the Galilean transformation
with a constant c and a constant vector v µ . The second-order nature of the equations of motion ensures the absence of propagating ghost degrees of freedom. In four spacetime dimensions, only five non-trivial tree-level operator structures of the Galileon scalar field are possible. The Galileon symmetry (1.1) prevents the generation of loop induced operators with less than two derivatives per field and, in particular, no renormalization of the treelevel operators is required. Nevertheless, from the point of view of an effective field theory expansion, the counterterm structure of the Galileon effective field theory is very interesting. We derive the off-shell one-loop divergences for the Galileon in flat spacetime within the traditional momentum space Feynman diagrammatic approach. Since the derivation of the one-loop counterterms in the MS scheme only requires the extraction of the ultraviolet divergent (UV) part of the 1PI one-loop diagrams, we make use of the recently proposed combinatorial algorithm, specifically designed for an efficient evaluation of one-loop UV divergences in higher derivative theories [41] . We discuss the hierarchy of loop induced operators in an effective field theory expansion and comment on various resummation schemes. Other interesting aspects connected to the effective field theory of higher derivative scalar fields and the Galileon were analyzed in [39, [42] [43] [44] [45] [46] [47] [48] . Within the bootstrap program, on-shell recursion relations are use to calculate scattering amplitudes and the requirements of analyticity, Lorentz invariance and a particular behavior of the tree-level scattering amplitude IR singularities in the soft an colinear limits completely characterize the theory. In this way, even without having to specify any Lagrangian or spell out any symmetry principle, the landscape of scalar EFT's can be scanned and classified [43, 45, 47] .
This article is organized as follows: In Sec. 2, we introduce the Galileon model in flat spacetime. In Sec. 3 we derive the momentum space Feynman rules. In Sec. 4, we classify the topologies of all one-loop 1PI diagrams contributing to the UV divergent parts of the 1-point, 2-point, 3-point, 4-point, and 5-point functions. We briefly review our method for the explicit calculation of the off-shell one-loop divergences. Due to the high number of terms in the higher n-point functions, we provide the actual results in a separate ancillary file. In Sec. 5 we discuss the representation of the result and perform several crosschecks. In Sec. 6, we analyze the renormalization structure of the scalar Galileon and discuss various resummation schemes. Finally, in Sec. 7, we summarize our main results and give a brief outlook on further developments.
Galileon action
The action functional for the scalar Galileon field π(x) in d = 4 flat Euclidean space with metric δ µν = diag(1, 1, 1, 1) reads,
3)
The symmetric tensor π µν results from second derivatives of π(x) and is defined as 
Momentum space Feynman rules
We define the scalar contraction between two momenta k µ i and k µ j as
For the contraction of two identical momenta i = j, we define the square as
The massless propagator in momentum space reads
with its graphical representation
The momentum space vertices are defined with all momenta incoming 6) and are graphically represented as
Here G(k 1 , . . . , k n ) denotes the determinant of the n × n Gram matrix
4 One-loop calculation
Topologies of one-loop 1PI Feynman diagrams
The topologies of the one-loop 1PI Feynman diagrams with up to five external legs directly follow from the Feynman rules (3.3)-(3.6). The two numbers (S, M ) below each diagram denote the symmetry factor S and the multiplicity M of the corresponding diagram, respectively.
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Extraction of one-loop UV divergences
Each of the 1PI one-loop diagrams X = 2a, . . . , 5e correspond to a sum of scalar Feynman integrals I X = k I k , where the I k are of the form
with Q := {q i }, i = 1, . . . , n, the loop momentum µ , the positive integers λ, σ i and δ i and the inverse propagators,
labeled by the combination q µ i of external momenta k µ i , obeying momentum conservation,
Here, K(Q) denotes a kinematic scalar independent of µ , which for the massless theory (2.1) only depends on the external momenta Q and can be written in the form
with the n(n + 1)/2 integer numbers r ij and a constant numerical coefficient c. We use dimensional regularization in d = 4 − 2ε dimensions and isolate the ultraviolet divergent parts of the one-loop Feynman integrals (4.1) as poles 1/ε in the limit ε → 0. An efficient way to extract the one-loop ultraviolet divergences in higher derivative theories is based on an expansion of the propagators in the integrand of (4.1) around vanishing external momenta and power counting arguments. The propagator expanded around q
Note that we have introduced an auxiliary infrared regulating mass m IR in (4.5). The final result for the ultraviolet divergences is independent of m IR . By using (4.5), the integrals (4.1) are reduce to a sum of vacuum integrals of the form
In d = 4, logarithmically divergent integrals have a superficial degree of divergence
In [41] , a combinatorial formula was derived by which the remaining logarithmically divergent integrals can be easily evaluated
Here, the sum extends over all integer partitions k ∈ P(2ω; σ ij ) of the even integer 2ω = n i=1 σ i into the n(n+1)/2 integers σ ij compatible with the n linear constraint equations σ i = 2σ ij +Σ i with Σ i := n j =i=1 σ ij . The coefficient C k corresponds to the combinatorial weight of the kth partition and was derived explicitly in [41] ,
Finally, P ω (d) is a polynomial of order ω in the dimension d defined by
and we have absorbed the pole in dimension together with a numerical factor in the definition
Summing over all contributions of all logarithmically divergent integrals (4.8) arising from the propagator expansion (4.5), yields the divergent part of the integrals I k defined in (4.1). Summation of all integrals I k , we obtain the divergent part of the original integral I X = k I k corresponding to the 1PI diagram X = 2a, . . . , 5e.
Before we discuss the application of this algorithm to the Galileon model, we first comment on the use of dimensional regularization in connection with identities involving the LeviCivita symbol. Some care is needed when replacing the dimension from four to d = 4 − 2ε in the expansion of the Levi-Civita symbols in (3.4)-(3.6), as the following dimensional dependent identity is valid only for d = n,
Despite the mismatch for n = 4 in the Galileon action (2.1) when using dimensional regularization in d = 4 − 2ε = 4 dimensions, when the identity (4.12) is formally expanded around ε = 0, the correction terms are O (ε). Therefore, for the calculation of the on-loop divergences, it is legitimate to use the identity (4.12) for n = d = 4, as any O (ε) contribution which combines with the leading UV pole 1/ε would already be finite or vanish in the limit ε → 0.
Representation of the result and crosschecks
Since the divergent part of the n-point correlation function
is totally symmetric under exchange of the π i , i = 1, . . . , n, the Feynman integrals I div X for the topologies X = 2a, . . . , 5e must be totally symmetric functions of the external momenta k µ i , i = 1, . . . , n. In order to obtain a representation for I div X in which this symmetry is manifest, we could proceed as follows: For each integral I div X we choose a particular kinematic parametrization in terms of the q µ i , for which momentum conservation n i=1 q µ i = 0 has been implemented. The final result for the one-loop divergences is expressed in terms of the external momenta k µ i by inverting relation (4.3) and subsequently symmetrized among the n external momenta with unit weight 1/n!. Finally, the result for each diagram is multiplied by the multiplicity M and the symmetry factor S.
In general, a scalar n-point integral depends on 3n − 10 independent invariants because there are n external momenta p µ i , each having 4 independent components in d = 4 dimensions minus n constraint equations from the on-shell relation p 2 i = m 2 i and 10 constraint equations from the invariance under Poincaré transformations, since the Poincaré group in d = 4 has 10 generators. In contrast, there are n(n + 1)/2 possible quadratic scalar invariants G ij , defined in (3.7), which can be constructed from the scalar products among the n external momenta. Momentum conservation and express it in terms of the n − 1 remaining external momenta. Therefore, the number of independent off-shell invariants is n(n − 1)/2. Imposing the n on-shell conditions p 2 i = m 2 i reduces the number of independent on-shell invariants further to n(n − 3)/2, which can be chosen as a subset of the n(n − 1)/2 Mandelstam variables
In particular, this implies that the on-shell result for the 3-point function vanish trivially due to kinematics. Moreover, for n = 4 and n = 5, the equality 3n − 10 = n(n − 3)/2 holds. For n ≥ 6 there is a redundancy in the n(n − 3)/2 bilinear invariants due to the fact that the n − 1 ≥ 5 momenta are linearly dependent in d = 4 dimensions. The additional quadratic constraint equations can be easily derived [49] . For a compact representation of the results, it might however be beneficial to reintroduce a redundancy among the invariants and express the final result in terms of an enlarged set of variables. For example, in case of the 4-point function the adjacent Mandelstam variables s 12 , s 23 and s 31 , which close under cyclic permutations, are a convenient set of redundant on-shell variables, for which the result can be compactly expressed in terms of power-summed elementary symmetric polynomials. The off-shell results become increasingly complicated and the number of terms grow at least by an order of magnitude for each additional external leg. The number of terms for the 2-point off-shell result is O(1), for the 3-point O(10), for the 4-point O(10 2 ) and for the 5-point even O(10 4 ). We therefore refrain from explicitly presenting the results in the main text or in an appendix but instead append an ancillary file in which the results for the divergent part of the off-shell n-point functions for n = 1, . . . , 5 are stored in an ancillary file.
As explained in Sec. 4.2, we extract the off-shell divergences of the diagrams 2a, . . . , 5e by the general combinatorial algorithm introduced in [41] . There are however certain diagrams, for which it is obvious that the associated integrals identically vanish. It is e.g. clear that the tadpole diagrams I div 2b and I div 3c are scale-free and therefore trivially vanish when using dimensional regularization. Below, we provide the result of the off-shell divergences for all the 1PI one-loop 2-point and 3-point diagrams as well as the on-shell divergences for the 1PI one-loop 4-point diagrams and compare them with previous results in the literature.
Divergent off-shell one-loop contributions of 1PI 2-point diagrams
The divergent off-shell contributions to the 1PI one-loop diagrams 2a, . . . , 2b are
The result (5.3) perfectly agrees with the result obtained in eq. (28) of [35] .
Divergent off-shell one-loop contributions of 1PI 3-point diagrams
The divergent off-shell contributions to the 1PI one-loop diagrams 3a, . . . , 3c are
As required for kinematic reasons, the on-shell reduction k 2 1 = k 2 2 = k 2 3 = 0 of (5.5) and (5.6) leads to I div 3a = I div 3b = 0, since s 12 = (k 1 + k 2 ) 2 = k 2 3 = 0.
Divergent on-shell one-loop contributions of 1PI 4-point diagrams
Due to the aforementioned counting of n(n − 3)/2 independent quadratic invariants for an npoint diagram, it is clear that the first non-trivial result for the on-shell one-loop divergences starts with the 4-point function. We therefore provide the on-shell reduction of the offshell result for the divergent one-loop 4-point contributions. The on-shell result for the 4-point function only depends on two independent Mandelstam variables, say s 12 and s 23 . However, a more compact and symmetric representation is obtained by reintroducing the redundant invariant s 13 and by expressing the result in terms of a power-summed symmetric polynomial of the three Mandelstam variables s 12 , s 13 and s 23 , for which the divergent on-shell contributions to the 1PI one-loop diagrams 4a, . . . , 4d take the compact form The expressions (5.8)-(5.11) coincide with those of the 1PI diagrams presented in Table 1 of [39] upon identification of Λ → −2Λ, where we denote byΛ the rescaled pole in dimension as defined in eq. (6.221) of [39] .
6 Renormalization, effective field theory and resummation
In this section, we discuss the structure of the loop induced operators in the Galileon effective field theory approach and comment on various resummation schemes. As discussed in [37, 38] , the effective action has the general schematic structure
where we have identified M as the cutoff scale and suppressed the index structure. In dimensional regularization only the last term survives and upon identification of the logarithm with the pole in dimension corresponds to the UV divergent part. By inspection of (6.1), it is clear that there are two parameters which control the hierarchy among different operators in the Galileon effective field theory expansion (suppressing again the index structure)
The first parameter measures the expansion in derivatives, which for the Galileon action (2.1) is related to an expansion in the number of loops as the loop induced operators come with a higher number of derivatives per field than the tree-level operators (2.2)-(2.6). The second parameter measures the degree of non-linearity, which is related to an expansion in the number of external legs. The table shows counter term operators of the form
These operators are classified by two indices. The first subindex counts the loop order at which the operator is induced (given the tree-level operators L tree 0,n ) and is related to powers of σ ∂ . The second subindex counts the number of fields π and is related to powers of σ ∂ 2 π .
. . .
. . . Given the ordering scheme presented in Table 1 , two different ways of resummations these operators suggest themselves. First, a resummation of terms with arbitrary derivatives ∂ but a fixed number of fields π would lead to structures such as
The resummation in (6.4) would incorporating all operators bilinear in π and lead to (possibly non-local) form factors f (∂ 2 /M 2 ), which upon expansion in powers of ∂/M 2 ,
must recover the terms in the first column in Table 1 with the appropriate numerical coefficients c 1 ,. . . For higher powers of the field π, the resummation of different index contractions must be taken into account and at each given order with a fixed number of fields one has to find a finite basis of operators, each with a different form factor. In the context of gravity and the heat-kernel technique, such a resummation has been discussed in [50, 51] . Instead of resumming terms with a fixed number of fields and an arbitrary number of derivatives, it would also be interesting to consider the opposite case, which would correspond to resumming terms with a fixed number of derivatives per field but an arbitrary number of fields. This resummation would incorporate operators with an arbitrary power of σ ∂ 2 π at a fixed order of σ ∂ 2 . In fact, such a resummation shares many similarities to General Relativity, where an arbitrary number of metric perturbations with two derivatives are geometrically resummed in the Ricci scalar. In fact, starting with the linear equations of motion for a massless spin-two field propagating on flat spacetime and taking into account contributions to the energy momentum tensor of the gravitational field in a self-consistent way, requires to iteratively introduce particular self-interaction terms, which upon resummation lead to the full non-linear theory of General Relativity, see e.g. [52] .
Another interesting resummation of tree-level operators in the context of scalar effective field theories has been carried out in [43, 45, 47] . There, the behavior of tree-level scattering amplitudes under soft and colinear limits were used to bootstrap various scalar field theories. In case of the special Galileon theory, it turns out that the constraints are so strong that they fix all coupling constants of higher dimensional operators in terms of the coupling constants of lower dimensional operators. Resummation of the whole series then results in a square-root DBI-type action for the scalar field.
In an upcoming work [53] , we investigate whether a resummation of all divergent oneloop n-point functions of the scalar Galileon can be found in the form of geometrically defined effective action, which would then serve as a generating functional for all n-point counterterms.
Conclusions
In this article we have investigated the renormalization structure of the scalar Galileon model in flat spacetime. We performed a Feynman diagrammatic calculation of the UV divergent one-loop contributions to the off-shell 2-point, 3-point, 4-point and 5-point functions. This generalizes the previously known results for the off-shell 2-point function [35] and the on-shell 4-point function [39] . The actual calculation has been performed with the recently suggested combinatorial algorithm designed to efficiently extract the one-loop divergences in higher derivative field theories [41] . In view of the large number of terms, which involve O(10 2 ) terms for the 4-point function and O(10 4 ) terms for the 5-point function, we have provided the explicit results for the UV divergences in an ancillary file. We have checked our results with previous calculations of the off-shell 2-point and on-shell 4-point functions and found perfect agreement.
We discussed the counterterm structure and the hierarchy of the loop-induced Galileon operators in an effective field theory framework. We identified two natural expansion parameters (6.2), which control the effective field theory expansion and are associated with the derivative order (related to the loop order) and the non-linearity of the theory, respectively. We discussed two different types of resummation schemes. The first corresponds to a resummation of terms with arbitrary orders of σ ∂ , i.e. to a resummation of terms with a fixed number of fields π but an arbitrary number of derivatives ∂. The resummed operators might be compactly written in terms of form factors as e.g. in the context of the covariant perturbation theory discussed in [50, 51] . The second, corresponds to a resummation of terms with arbitrary powers of σ ∂ 2 π , i.e. to operators with a fixed number of derivatives ∂ 2 π per field but an arbitrary number of fields π. Such a resummation, is very similar to the geometrical resummation of the self-interaction terms, starting from the linear field equations for a massless spin-two particle propagating in flat spacetime and recovering the full non-linear theory of General Relativity [52] . In an upcoming work, we investigate a generalization of our result based on a geometric resummation of the divergent one-loop Galileon n-point functions [53] .
